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ABSTRACT
The thickness of a slim disk is determined by the balance between the radiation force and the vertical
component of the gravity of the black hole (BH). It was found that vertical gravity increases with the
disk height, and it will decrease with the disk height if the disk thickness is above a critical value,
which implies that gas at the disk surface may be driven into outflows by radiation force when the
disk thickness surpasses the critical value. In this work, we derive a global solution to a slim disk
with radiation-driven outflows. We find that the outflows are driven from the disk surface if the mass
accretion rate m˙ & 1.78 − 1.91 (m˙ = M˙/M˙Edd, and M˙Edd = LEdd/0.1c2) depending on BH mass,
while the outflows are suppressed when the mass accretion rate is lower than this critical value. The
mass accretion rate decreases with decreasing radius in the disk with outflows, and the rate of the gas
swallowed by the BH is always limited to m˙in ∼ 1.78−1.91 even if the mass accretion rate at the outer
edge of the disk is very high. This may set constraints on the massive BH growth through accretion
in the early Universe. Due to the presence of outflows, there is an upper limit on the radiation flux
of the disk, which leads to saturation of the continuum spectra of the disk with outflows at the high
energy band. This may be tested by the observations of quasars or/and BH X-ray binaries.
Keywords: accretion, accretion disks – black hole physics – ISM: jets and outflows – quasars: general
– X-rays: binaries
1. INTRODUCTION
The accretion onto black holes (BHs) is the dominant energy source of different kinds of astrophysical objects, such
as, active galactic nuclei (AGNs), black hole X-ray binaries (BHXBs) and tidal disruption events (TDEs). The thin
accretion disk model is widely used for the sources with moderate luminosity, Lbol ≪ LEdd (Lbol is the bolometric
luminosity, and LEdd is the Eddington luminosity) (Shakura & Sunyaev 1973; Laor & Netzer 1989). In the thin disk
model, the vertical component of the gravity of the BH is assumed to be in equilibrium with vertical pressure gradient
of the disk, where the vertical component of the gravity, GMz/R3, is a good approximation because of its thickness
H/R ≪ 1, as the disk luminosity is sub-Eddington (Shakura & Sunyaev 1973). Almost all the released gravitational
energy is radiated out locally from a thin accretion disk. The radiation pressure increases with mass accretion rate,
and the disk expands vertically. The disk thickness can be comparable with radius if the accretion rate is high, and
therefore the thin disk approximation for vertical gravity is invalid. The disk is slim or even geometrically thick,
and photons are trapped at some specific radii and a substantial fraction of the gravitational energy is advected
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into the BH (Jaroszynski et al. 1980; Paczyn´sky & Wiita 1980; Abramowicz et al. 1988). The slim disk model can
describe BHs accreting at super-Eddington accretion rates (M˙Edd = LEdd/ηc
2, LEdd = 4picGMBH/κes). The slim disk
model has been extensively investigated in many previous works (e.g., Watarai & Fukue 1999; Watarai & Mineshige
2001; Gu & Lu 2007; Jiao et al. 2009; Sa¸dowski et al. 2011; Dotan & Shaviv 2011), which can successfully reproduce
the main observational features of super-Eddington accreting BHs (e.g., Mineshige et al. 2000; Watarai et al. 2001;
Wang & Netzer 2003; Desroches et al. 2009; Wu 2009; Wang et al. 2014; Kitaki et al. 2018).
There is observational evidence of outflows from super-Eddington accretion disks (e.g., Gladstone et al. 2009;
Middleton et al. 2011; Du et al. 2015), which is also confirmed by numerical simulations (e.g., Yang et al. 2014;
Jiang et al. 2014; Yang et al. 2018). The theoretical works also suggest that outflows may be driven from the surface
of a slim disk (McClintock et al. 2006; Gu & Lu 2007; Jiao et al. 2009; Gu 2012; Cao & Gu 2015). They pointed out
that the widely used approximation for vertical component of gravity GMz/R3 is only valid for the thin disk with
H/R ≪ 1, and a more accurate expression of vertical gravity should be adopted for a slim disk. McClintock et al.
(2006) found that the radiation force would be inevitably dominant over the vertical gravitational force at disk surface
if the relative half-thickness of the disk is H/R > 1/
√
2. This implies that the gas at the disk surface will be blown
away by the radiation force. Cao & Gu (2015) investigated the structure of such a super-Eddington accretion disk
with outflows accelerated by the radiation force. Their analytic model of an accretion disk with outflows is developed
based on two assumptions, i.e., Keplerian motion of the gas in the disk and neglecting of the radial energy advection in
the disk. A Newtonian gravitational potential is adopted in their model calculations, which is similar to the standard
thin accretion disk, and therefore the model results may not be able to accurately describe the inner region of the disk
very close to the BH. As most of the gravitational energy of the gas is released in the inner region of the disk, a global
transonic structure of such a slim disk surrounding a BH is crucial in modeling the observations.
In this work, we derive a global solution to a slim accretion disk with outflows accelerated by radiation force of the
disk. The calculations can be applied to model the accretion disks surrounding either massive BHs or stellar mass
BHs. We describe our model calculations and results in Sections 2 and 3. The last section contains the discussion of
the results.
2. MODEL
A set of equations describing a slim disk with outflows in cylindrical coordinates are summarized in the previous
works (see Kato et al. 2008; Gu & Lu 2007). We consider a steady axisymmetric accretion disk in this work, which is
described by the momentum equations, energy equation, continuity equation, and the equation of state.
The r-component of the momentum equation is
∂
r∂r
(rρv2r ) +
∂
∂z
(ρvrvz)−
ρv2φ
r
= −∂p
∂r
− ρ∂ψ
∂r
. (1)
As done in many previous works, we adopt the pseudo-Newtonian potential,
ψ = − GM√
r2 + z2 − rs
, (2)
to simulate the gravity of the BH, where M is the BH mass, and rs ≡ 2GM/c2 is the Schwarzschild radius
(Paczyn´sky & Wiita 1980).
The continuity equation is
∂
r∂r
(ρrvr) +
∂
∂z
(ρvz) = 0, (3)
We integrate Equation (1) over z and obtain
vr
dvr
dr
+
1
Σ
dΠ
dr
+ r(Ω2K − Ω2)−
1
r
Π
Σ
(
3
2
+
rs
r − rs
) = 0, (4)
where Equation (3) is used, Σ is the surface density, Π is the vertically integrated pressure, Ω is the angular velocity
of the gas in the disk, and ΩK is the Keplerian angular velocity. The φ-component of the momentum equation is
∂
r∂r
(rρvrvφ) +
∂
∂z
(ρvφvz) +
ρvrvφ
r
=
∂
r2∂r
(r2trφ), (5)
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where the α-viscosity trφ = −αp is adopted. Integrating Equation (5) over z-direction, we have
∂
r∂r
(rΣvrvφ) + 2ρvφvH +
Σvrvφ
r
=
∂
r2∂r
(−r2αΠ), (6)
where the velocity of outflow at the disk surface vH = vz(H), as the outflows driven by the radiation force are
considered in our model.
Integrating Equation (3) vertically, it becomes
2ρvH =
1
r
∂(rΣvr)
∂r
. (7)
The term 2ρvH in this equation represents the mass loss rate in outflows from unit area of the disk surface. We further
integrate Equation (7) over r-direction, it becomes
rΣvr +
∫
2ρvHrdr = C, (8)
where the integral constant C can be determined with suitable boundary conditions. As the mass loss rate in the
outflows from unit area of the disk surface m˙w ≡ 2ρvH, we have
M˙(r) = M˙out − M˙w(r) = −2pirΣvr, (9)
so the mass accretion rate in the disk at radius r is
M˙(r) = −2pirΣvr, (10)
and the total mass loss rate in the outflows driven from the disk region between r and rout is
M˙w(r) =
rout∫
r
2pirm˙wdr. (11)
Substituting Equation (7) into Equation (6), we have
∂
r∂r
(rΣvrvφ) +
vφ
r
∂(rΣvr)
∂r
+
Σvrvφ
r
=
∂
r2∂r
(−r2αΠ). (12)
We integrate the angular equation (12) over r, which leads to
M˙(r)Ωr2 − M˙injin −
r∫
rin
Ωr2dM˙ = 2piαr2Π, (13)
respectively, where Equation (9) is used,
r∫
rin
Ωr2dM˙ is the angular momentum removed by the outflows from the
corresponding disk region, M˙in is the mass accretion rate swallowed by black hole, and M˙injin is rate of angular
momentum of the accretion gas flowing into the black hole (jin is the specific angular momentum of the accreting gas
swallowed by the BH).
The vertical integrated equation of state is
Π =
8
9
ΣkB
µmp
T0 +
256
945
aHT 40 , (14)
where µ is the mean molecular weight (µ = 0.62 is used in this work), and T0 is the temperature at the mid-plane of
the disk (see Equations 7.43, 7.44 and 7.45 in Kato et al. 2008). The isothermal sound speed is c2s = Π/Σ.
The energy equation of the disk is
Q+
vis
= Q−
adv
+Q−
rad
, (15)
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where Q+
vis
is the gravitational power released viscously in unit area of the disk, Q−
rad
is the cooling rate due to radiation,
and Q−
adv
is the advection term. They are given by
Q+
vis
=
3
2
αΠΩ, (16)
Q−
adv
=
1
r
d
dr
(4rvrΠ)− vr
dΠ
dr
+Πvr
d lnH
dr
, (17)
and
Q−
rad
=
8acT 40
105/32kΣ
, (18)
where the opacity is k = kes + kff = 0.34 + 6.4 × 1022ρT−7/2cm2 g−1, ρ(= Σ/2H) and T (= 2T0/3) are the vertically
averaged density and temperature respectively (see Kato et al. 2008, for the details).
The vertical structure of an accretion disk has been investigated in detail by Abramowicz et al. (1997). A general
accurate expression for the vertical hydrodynamical equilibrium valid both for a thin and a slim disk has been derived
in their work. The hydrostatic balance in the vertical direction of the accretion disk is described by
1
ρ
∂p
∂z
+
∂ψ
∂z
+ vr
∂vz
∂r
+ vz
∂vz
∂z
= 0, (19)
where p is the pressure, ρ is the density of the gas, ψ is the gravitational potential (Abramowicz et al. 1997). As we
focus on how the general properties of the disk structure is affected by the radiation driven outflows, we simplify the
expression of the hydrostatic balance in the vertical direction as
1
ρ
∂p
∂z
+
∂ψ
∂z
= 0, (20)
where we assume the terms of ∂vz/∂r and ∂vz/∂z to be negligible. It has been pointed out that the widely used
approximation for vertical component of gravity GMz/R3 is only valid for the thin disk with H/R ≪ 1, and a more
accurate expression of vertical gravity should be adopted for a slim disk (McClintock et al. 2006; Gu & Lu 2007;
Jiao et al. 2009; Gu 2012; Cao & Gu 2015). As discussed in Cao & Gu (2015), there are upper-limits on the radiation
flux frad and half-thickness H for a slim disk, above which, the radiation force will overwhelm the vertical gravity.
The maximal flux can be calculated with
frad = q(H) =
GMρH√
r2 +H2(
√
r2 +H2 − rs)2
. (21)
How the gas is blown away from the disk surface by the radiation force is still quite unclear, and therefore it is
assumed that the gas at the disk surface will be accelerated into outflows by the radiation force when the radiation
force overwhelms the vertical gravity. Then the mass accretion rate in the disk decreases due to outflows. This self-
adjustment mechanism leads to a maximal radiation flux/thickness of the disk (see the detailed discussion in Cao & Gu
2015). Thus, we assume that the outflows are triggered in the disk where the condition,
Q−
rad
≥ 2fmaxrad , (22)
is satisfied, where fmaxrad is the maximal radiation flux and then the mass accretion rate is self-adjusted by the outflows
to maintain
Q−
rad
≡ 2fmaxrad . (23)
This relation is adopted in the energy equation (15) for the region in the disk where outflows are driven. Otherwise,
the outflows are suppressed, and the disk is the same as the conventional slim disk without outflows, which is described
by a set of equations for a slim disk (see Chapter 7 in Kato et al. 2008), i.e., the continuity equation,
M˙ = −2pirΣvr, (24)
where M˙ remains constant radially, and the angular momentum equation,
vr(Ωr
2 − jin) = −αrc2s . (25)
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Except these three equations (23, 24 and 25), the radial-component of the momentum equation, the equation of state,
and energy equation are the same as the disk with outflows (see Equations 4, 14, 15, 16, 17, and 18).
Now, the global structure of a slim disk with outflows is available by integrating two differential equations (Equations
4 and 15) inwards from the outer radius of the disk with suitable boundary conditions. We define the dimensionless
mass accretion rate in the disk as m˙ = M˙/M˙Edd, where M˙Edd = LEdd/ηc
2 (η = 0.1 is adopted).
With the derived global structure of the disk with outflows, the effective temperature Teff of the disk as a function
of radius is available,
Teff(r) =
[
Q−
rad
(r)
2σ
]1/4
. (26)
The continuum spectrum of the disk can be calculated with
Lν = 2
∫
hν3
c2
2pirdr
ehν/kBTeff − 1 , (27)
based on the derived global structure of the disk, where h is Planck constant.
3. RESULTS
The model has three parameters, i.e., the viscosity parameter α, the outer radius of the disk rout, and the mass
accretion rate m˙out at rout. In this work, we adopt a typical value of α = 0.1 in all calculations. The calculations are
carried out for two cases: a super-massive black hole withM = 108M⊙ and a stellar mass black hole with M = 10M⊙,
respectively. As the outer region of the disk is suffered from the gravitational instability (Shlosman & Begelman 1987;
Goodman 2003; Collin & Zahn 2008), the size of the disk is constrained by such instability. The previous calculations
show that the size of the disks in luminous quasars is ∼ 103 − 104rs (You et al. 2012), while it is ∼ 104 − 105rs for a
disk surrounding a stellar mass BH (Laor & Netzer 1989). Thus, we take rout = 10
3rs for the super-massive BH and
rout = 10
4rs for a stellar mass black hole, respectively. The calculations are carried out by integrating two differential
equations (Equations 4 and 15) from the the outer radius rout inwards, and the parameter jin is tuned till the derived
global solution passes the sonic point smoothly.
In Figure 1, we plot the radiation flux varying with disk thickness at different radii for a vertical hydrostatic disk
(see Equation 21). There is a maximal flux at a given radius, which means that the vertical hydrostatic balance is
destroyed and outflows are inevitably driven from the disk surface if frad > f
max
rad (see Cao & Gu 2015, for the detailed
discussion). The maximal flux corresponds to Hmax/r ≈
√
2/2 if r ≫ rs, which reduces to the analytic result given in
Cao & Gu (2015), while the maximal disk thickness decreases in the region near the BH. We plot the global structure
of a slim disk with outflows for a massive black hole with different values of the mass accretion rate at the outer radius
in Figures 2-4.
We find that most gas in the disk is driven into the outflows by the radiation force of the disk, if the mass accretion
rate at the outer radius of the disk is sufficiently high (see Figure 2). If the mass accretion rate at the outer radius is
lower than a critical value m˙crit ≃ 1.78, the radiation from the disk is too weak to drive outflows from the disk surface.
When the mass accretion rate m˙out > m˙crit, outflows are accelerated from a ring in the disk. The width of the ring
increases with the mass accretion rate at the outer radius (see Figure 2). If m˙out is as high as 50, the ring responsible
for outflows may extend to several hundred Schwarzschild radii. We note that no outflows are driven from the outer
region close to the outer radius of the disk even if m˙out is very large. As the gas in the disk is driven into outflows,
which makes mass accretion rate decrease with decreasing radius, and mass accretion rate onto the BH always remains
around the critical mass accretion rate m˙crit. It is found that the radial velocity of the disk with outflows is higher
than that of a conventional slim disk, which leads to a higher ratio of the advection to the viscous energy except in
the inner region of the disk (see Figure 3).
If the mass accretion rate at the outer radius m˙out < m˙crit, no outflows are accelerated from the disk surface, and
the disk is almost the same as a normal slim disk accreting at a low rate. It is found that their temperature at
the mid-plane is substantially lower than those of the disks with outflows, while their effective temperature does not
deviate much from those of the disks with outflows except in the inner region of the disk (see Figure 4), because
the radiation in the outflow driving region is automatically regulated by the outflows, which sets an upper limit on
the effective temperature. In Figure 5, we plot the Eddington ratio varying with the mass accretion rate m˙out. The
numerical result of the global structure of the disk derived in this work is qualitatively consistent with the analytical
approximation (24) in Cao & Gu (2015), which is derived based on a Newtonian gravitational potential.
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Figure 1. The radiation flux varies with disk thickness at different radii.
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Figure 2. The mass accretion rate and the disk thickness as functions of radius for different values of the accretion rate at rout
(different color lines). The BH mass M = 108M⊙ is adopted. The black solid line in the right figure represents the maximal
half-thickness of the disk calculated with Equation (21).
The global solution to a slim disk with outflows derived in this work may also applicable for BH X-ray binaries, so
we plot the numerical results for a disk surrounding a stellar mass BH in Figures 6-9. The dynamical properties of
the disk are similar to those of a disk surrounding a massive BH, except its higher temperature compared with its
counterpart with a massive BH. This leads to different energy peaks in the continuum spectra (see Figure 10). We find
that the continuum spectra of the disk with outflows surrounding a massive BH are saturated in the UV/soft X-ray
wavebands, while they are saturated in the hard X-ray waveband for the stellar mass BH cases.
4. DISCUSSION
In this work, we derive a global solution to a slim accretion disk with radiation driven outflows, in which mass loss
rate in outflows and the radial energy advection are properly considered, while the complexity of outflow physics is
avoided in the same way as done in Cao & Gu (2015). The radiation pressure is in balance with the vertical component
of the gravity of the BH in the disk, however, such balance is broken down at the disk surface if the radiation flux is
greater than a critical value, and therefore the gas at the disk surface is accelerated into the outflows. This leads to
a decrease of the mass accretion rate in the disk, and then the radiation flux decreases. Thus, there are upper limits
on the radiation flux and disk thickness, which is regulated by the outflows (see the detailed discussion in Cao & Gu
2015).
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Figure 3. The left figure: the same as Figure 2, but for the radial velocity and sound speed of the disk. The solid lines represent
the radial velocity of the gas, while the dashed lines denote the sound speed. The right figure: the ratio of the energy advection
to the viscously dissipated energy in the disk.
We find that no outflows are driven from the disk when the mass accretion rate in the disk is lower than the critical
value (m˙ < m˙crit; m˙crit ≃ 1.78 for massive BHs, while m˙crit ≃ 1.91 for stellar mass BHs). Outflows are driven from
a ring region of the disk if the mass accretion rate m˙out > m˙crit. The width of the ring increases with the mass
accretion rate at the outer edge of the disk. The radiation flux from this ring is limited by the maximal radiation flux
fmax
rad
, which is a function of radius. The radiation luminosity of the disk with outflows increase with m˙out, while the
dependence is nonlinear, because part of gas in the disk is driven into outflows and radial energy advection in the disk
also plays a role on the disk radiation (see Figures 5 and 9).
Cao & Gu (2015) derived the luminosity of the disk with outflows as a function of the mass accretion rate m˙out at
rout without considering the radial energy advection in the disk. It is found that L/LEdd ∝ ln m˙out, if m˙ is large. We
find that the numerical results of luminosity of the disk with outflows in this work are slightly lower than the analytic
approximation (Figures 5 and 9), which is caused by the advection of the energy in the disk. It is noted that the
energy advection indeed plays some roles in the disk with outflows (the fraction of the energy advection is about 20
percent for a high mass accretion rate m˙out, see Figures 3 and 7), which has been neglected in Cao & Gu (2015).
We find that the structure of the inner disk with outflows remains almost same, while the outflow driven region in
the disk extends with increasing mass accretion rate m˙out. As the effective temperature of the disk is much higher in
the inner region of the disk, from which most high energy photons are emitted, so the spectral shape at the high energy
end is dominantly determined by the inner region of the disk. It is found that the temperature drops significantly in
the inner region of the disk (roughly within the margin stable circular orbit, i.e., 3rs for a non-rotating BH), where
the gas is plunging onto the BH rapidly. In this region, the dynamic timescale of the gas is much shorter than the
radiation timescale, and therefore the advection is dominant over radiation in that region (see Figures 3 and 7). Only
a minor fraction of the gravitational energy released in this region is radiated out, and then the temperature is low,
which is similar to the results of a normal slim disk model (e.g., Abramowicz et al. 1988; Watarai et al. 2000; Gu & Lu
2007; Sa¸dowski et al. 2011).
In this work, we carry out the calculations of global structure of accretion disks with outflows surrounding two
different kinds of BHs. It is not surprising that the structure of the disks is quite similar for a massive BH and a stellar
mass BH. The effective temperature of the disk surrounding a stellar mass BH is much higher than that for a massive
BH, which is a general feature of accretion disks. This leads to the continuum spectra peak at different wavebands (see
Figure 10). The effective temperatures of the disks accreting at high rates almost converge in the inner regions of the
disks except the plunging region within ∼ 3rs (see Figures 4 and 8). Most high energy photons are emitted from the
inner region of the disk with r & 3rs, while the emission from this plunging region contributes little to the continuum
spectrum due to its low temperature and small area, it therefore leads to saturation of the continuum spectrum at
the high energy end (see Figure 10). We note that the critical mass accretion rate m˙crit is slightly different between
a massive BH and a stellar mass BH, i.e., m˙out ∼ 1.78 for a massive BH, and m˙out ∼ 1.91 for a stellar mass BH.
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Figure 4. The same as Figure 2, but for the temperature at the disk mid-plane, the effective temperature, the surface density,
and the density of the disk, respectively.
We conjecture that such difference arises from the different advection properties (see Figures 5 and 9), which may be
caused by systematically different temperatures and densities of the disks for these two kinds of BHs. The saturation
of the emission in the high-energy end of the disk spectra can be tested by the observations of luminous objects. It was
even suggested that the saturation of the spectra of luminous quasars can be used as a type of ‘cosmological candles’
with no need to search massive black holes accreting at extremely high rates (e.g., Wang et al. 2013).
Supermassive black holes have been discovered at high redshifts, some of which even with z & 7, at the age of the
Universe less than 0.6 Gyr (Mortlock et al. 2011; Wu et al. 2015; Jiang et al. 2016; Ban˜ados et al. 2018; Wang et al.
2018; Yang et al. 2018; Matsuoka et al. 2019). It is believed that the black holes growing to ∼ 109M⊙ in such a short
period needs both large seed black holes (& 103M⊙) and extremely high accretion rates. However, our calculations
show that luminous disks accreting at high rates inevitably drive outflows, which set an upper limit on the rate of
mass accreted by the massive BH. The BH mass growth rate is limited by m˙ . 2. Our results seem to support the
scenario that the BH growth through accreting persistently at a rate close to the Eddington value (e.g., Shapiro 2005;
Tanaka & Haiman 2009; Tanaka 2014).
In this work, we focus on the global solution to a slim disk with outflows, and the detailed dynamics of the outflows
have not been considered, which is beyond the scope of the present work. The continuum spectra of the disks are
calculated based on multi-color black body assumption. We believe the present calculations can indeed describe
the main features of the continuum spectra, such as, saturation in the high-energy end of the spectra. More detailed
calculations based on the derived global structure of the disks with outflows by including the detailed radiative transfer
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Figure 5. The Eddington ratio varies with the mass accretion rate m˙out at rout. The black line represents the numerical result
of the global structure of the disk, while the red line is the result calculated with the analytical approximation (24) in Cao & Gu
(2015).
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Figure 6. The mass accretion rate and the disk thickness as functions of radius for different values of the accretion rate at
rout (different color lines). The BH mass M = 10M⊙ is adopted. The black solid line in the right figure represents the maximal
half-thickness of the disk calculated with Equation (21).
in the disks with electron scattering effect could be carried out in the future in order to confront with the spectral
observations of luminous objects, which are beyond the scope of this work.
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super-massive black hole with M = 108M⊙. The right figure is the spectra of the disks surrounding a stellar mass BH with
M = 10M⊙.
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